
Basic of the Dynamical 
variable and operator



Postulates of Quantum Mechnaics
The success and failure of the postulates depends on the 
strength of the experimental results. There are different 
ways of stating the basic postulates of quantum 
mechanics, but the following formulation seems to me 
satisfactory. 
!
•  Wave function               =!
!
!
•  Expectation values!
!
•  Eigenvalues



•  Operators

• Development of quantum system



DYNAMICAL VARIABLE

•A particle constrained to move in one dimensional under 
the influence of a specified force F(x,t). 

•By applying Newton’s law: F=ma for the conservative 
system, the force can be expressed at the microscopic 
level force is the derivative of a potential energy function.

•On solving the above differential equation with the 
appropriate initial condition (typically the position and 
velocity variable at t=0), we determine x(t).



•After determining the position of particles x(t), then we 
determine the different dynamical variables like velocity, 
momentum and kinetic energy and other dynamical 
variable of interest.

•Quantum mechanics approaches this same problem 
quite differently. In this case, we define wave function of 
the particle and get by solving the Schrodinger  
equation.

where Hamiltonian: 
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•CONCLUSION: The Schrodinger equation plays a role 
logically analogous to Newton’s second law that for 
suitable initial condition  

!
!
!
the Schordinger equation determine the wave function for 
all future time. 
!
!
Just as determine the x(t) for all future time in the classical 
mechanics by Newton’s law.
•A particle is localised at a point by its nature whereas wave 
function (as its name suggests) is spread out in space. The 
statistical interpretation of the wave function gives the state 
of the particle “Probability”
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• The “Probability” of finding particle at point x, at time t 
which is given as;

• For more precise displacement dx, the Born’s statistical 
interpretation is given as;
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• The Born’s statistical interpretation introduces a kind of 
indeterminacy into QM i.e. “the particle gives the wave 
function, still we cannot predict with certainty the 
outcome of a simple experiment to measure its 
position”.

• “QM has to offer is statistical information about possible 
results. This indeterminacy has been profoundly disturbing 
to physicists alike, it is natural to wonder whether it is a fact 
of nature or defect in the theory”.
�Question: Suppose you wish to measure the position of 
particle and you find it to be at point C then where was 
particle just before you made the measurement?



• “We can say that wave function collapses upon 
measurement to a spike at the point C i.e. there are two 
entire distinct kinds of physical processes: (i) ordinary in 
which wave function evolves in a leisurely fashion under the 
Schrodinger equation, and (ii) measurements in which 
wave function suddenly discontinuously collapses”.
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Normalization

•On solving the above differential equation, the wave 
function is considered as              where A is any 
complex constant.

• The                       is the “Probability” of finding particle 
at point x, at time t. It follows that the integral of                                                   
……………must be 1. 

!
!
                  (1)

• To determine the undetermined multiple factor A, we 
ensure that equation (1) must be satisfied and this 
process is called normalising the wave function. 
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Expectation value

•The expectation value is the average of repeated 
measurements on an ensemble of identically 
prepared system, not the average of repeated 
measurements on one and the same system.

• The expectation value of x is represented by <x>. It is the 
average of measurement performed on particles all in the 
state wave function. 
!

• Now using this expectation value and normalisation, we 
can calculate the operator of the dynamical variables like 
position, momentum and energy in term of the operator. 
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For normalisation case, this expectation value becomes;
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Momentum and Energy operators for quantum 
system 

For quantum free particle, it has two parameters related with 
Plank’s law and deBroglie law
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Momentum operator

• The expectation value of x position is represented by: 

• Similarly expectation value of p momentum is given by 

• The operator x represents position and operator              
represents momentum in QM. 
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Expectation value of any physical quantity
• To calculate the expectation value of any dynamical 
variable, Q(x, p), we simply replace the p in term of 
operator and insert the resulting operator between 

• The kinetic energy T or E is:  

• The momentum p in term of operator is p=  
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Well-Behaved Wave Functions

Question:
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Dynamical variables and their operators



Well-Behaved Wave Functions

Ques. 1: Verify the given equation is a solution of the 
wave equation.

Ques. 2: Find the 
probability of the 
superposed waves



Solutions

Ans. 2:

Ans. 1:



Ques. 3:
A particle limited to the x axis has the wave function     =ax 
between x=0 and x=1;         =0 elsewhere. (a) Find the 
probability that the particle can be found between x=0.45 
and x=0.55. (b) Find the expectation value <x> of the 
particle’s position.

An eigenfunction of the operator d2/dx2 is         =e2x. Find 
the corresponding eigenvalue.

Ques. 4:



Solutions

Ans. 4:

Ans. 3:



Ques. 5:
(a) Find the value of A of the 
wave function of particle in box 
problem having the length of box 
is L. (b) Using this normalised 
wave function, draw the graphs 
of the normalised wave function 
and probability for at least three 
states. (c) Find <x> and <p>.
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Solutions

Ans. 5:





<x>=L/2





Solve!
!
Ques. 6: (a)Find the probability that a particle trapped in a box 
L wide can be found between 0.45L and 0.55L for the ground 
and first excited states. 
(b) Find the expectation value <x> of the position of a particle 
trapped in a box L wide. 

Ques. 7:

Ques. 8:
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